ABSTRACT A kinetic inductance thermometer is applied to x-ray calorimetry, and its operation over a wide range of frequencies and geometries is discussed. Three amplifier configurations are described, one using a superconducting quantum int.erference device (SQUID) amplifier, another incorporating an FET amplifier in an amplitude modulated system, and the third, using a tunnel diode frequency modulated oscillator circuit. The predicted performance of each configuration is presented.
INTRODUCTION
We are interested in fabricating bmad band x-ray detectors operating between 0.1 and 10 keY with the highest achievable energy resolution. In principle, x-ray microcalorimeters operating at cryogenic temperatures should be able to cover this energy band with a 1 eV resolution.1'2 To date, 12 eV has been achieved using resistive sensors thermally connected to an x-ray absorbing material. 3 In these devices, the resistive Johnson noise of the sensor is always present and is a limitation to the overall performance. To further improve the resolution of the device, the Johnson noise must be reduced. If the Johnson and amplifier noise can be reduced, the temperature fluctuation noise will dominate the noise spectrum over a much larger range in frequencies. Experiments are currently being carried out with calorimeters using dielectric sensors. 4 In principle, dielectric calorimeters are free of Johnson noise, and produce signal strengths far above the remaining amplifier noise. Another way to circumvent Johnson noise is through the use of superconducting materials. Below the critical temperature, only the residual resistance from superconducting surfaces need to be considered, and they prove to be negligible. 5 As suggested by McDonald,6 the temperature dependence of the kinetic inductance in a superconducting thin film can be utilized as a thermal sensor. Work has been initiated to fabricate kinetic inductance x-ray calorimeters,7 but there has not been a discussion in the literature that describes how best to apply kinetic inductance thermometry to x-ray calorimetry. We describe here several techniques for operating kinetic inductance x-ray calorimeters.
We begin in Section 2 by summarizing the general properties of kinetic inductance. Section 3 discusses the parameters of a hypothetical detector which we propose as a prototype kinetic inductance x-ray calorimeter. In Seetion 4 we predict the performance of the calorimeter when used with various amplifier configurations. These include a SQUID amplifying system, an amplitude modulated system which uses an VET amplifier, and a tunnel diode frequency modulated readout scheme. We conclude in Section 5 with an appraisal of the predicted performance of each configuration discussed, and the merits and disadvantages of each one.
THE KINETIC INDUCTANCE THERMOMETER
We describe a thermal sensor which makes use of the temperature dependent kinetic inductance of a thin-film superconductor. Kinetic inductance arises from the inertial mass of the Cooper pairs in a superconductor. The Cooper pair density varies with temperature, hence, the kinetic inductance also has a temperature dependence. The inductive sensor consists of a superconducting stripline insulated from a groundplane by a thin dielectric layer; such a configuration behaves as a finite transmission line. At frequencies that are small compared to iiIiZr, where L and C are the total inductance and electrical capacitance of the device, the impedance is strictly inductive.
In general, the total inductance for the device is d5 d Ltotai = .to ()st ddi P-r + X coth () + Xgp coth (--)
.
(1)
Here, the subscripts di , St and gp refer to the dielectric, stripline and groundplane components, respectively. The thickness of each component is d , ? is the penetration depth, is the magnetic permeability of free space, and Pr 5 the relative magnetic permeability in the dielectric. The total length and width of the stripline are 1 and w, respectively.
Equation 1 represents a sum of the magnetic inductance and the kinetic inductances of the stripline and the groundplane. The dimensions of the stripline and groundplane are chosen such that dgp << 2gp ,fld >> Xçt . In this case, the stripline kinetic inductance becomes negligible compared to the groundplane kinetic inductance. If the thickness of the dielectric is made sufficiently small, the magnetic inductance (the first term in Equation 1) will not contribute to the total inductance. In this limit, the inductance reduces to
Here, A(T) is the temperature dependent penetration depth of the groundplane. The explicit temperature dependence of the penetration depth is based on the two fluid model:8
where k0 is the penetration length of the superconducting material at 0 K and T is the critical temperature of the groundplane material. In the readout configurations considered here, a large (11w ) ratio is used to increase Lk and hence the signal to amplifier noise ratio of the sensor.
CHARACTERISTICS OF THE PROPOSED DEVICES
As shown in Equation 3, the kinetic inductance has a temperature dependence of the form [1-(T/T)4] where the operating temperature, T, must not exceed T . As we will see in Section 4, the dependence of the signal on Lk S a function of the specific amplifier/readout circuit scheme. In all cases, the signal height is maximized if the temperature is kept as close to T as possible. The optimum operating temperature depends on three coupled parameters, the heat capacity of the device, the maximum x-ray energy to be studied, and the desired energy resolution. The device featured here is designed to measure x-rays with energies up to 10 keY; the base temperature, therefore, must be chosen so that a 10 keV x-ray will not raise the temperature above the critical temperature. The heat capacity determines this temperature excursion and can be calculated from the expression for the energy resolution in the phonon noise limit (FWHM) = 2.35 ,fkB T2CV. Here kB is the Boltzmann constant, and C. is the total heat capacity of the device. For a calorimeter with a resolution of 1 eV operating in the phonon noise limit, the heat capacity of the device at a base temperature of 100 mK is 3.4 x 1014 JfK. Accounting for the temperature dependence of the heat capacity (C T3), the change in temperature due to absorption of a 10 keV x-ray is then 25 mK. Such a large temperature excursion means that the base temperature of the device must be held below 0.75 T . At this temperature, the penetration depth (Equation 3) changes slowly with temperature. For most x-ray energies, the sensor signal will be much smaller than it would be with a device operating closer to the critical temperature. Therefore, rather than pressing for a resolution of 1 eV, the device featured here has about ten times more heat capacity, and a theoretical resolution of 3 eV. The resulting temperature excursion for a 10 keV photon is then reduced to 6 mK, allowing the operating temperature to shift from 0.75 T to 0.95 T. The larger heat capacity also allows the detector to have a larger area. That permits a bigger 1/w ratio of the stripline, and consequently, a larger kinetic inductance. The resulting sensor will have an improved signal to amplifier noise ratio, and will be more likely to achieve its 3 eV phonon noise limit.
Our hypothetical detector, as shown in Figure 1 , uses iridium as the superconducting groundplane with a T = 0.1 1 K.9 To operate in the kinetic inductance limit, we choose an iridium groundplane thickness of 4 nm. This thickness is 10% of the minimum penetration depth. The iridium is evaporated onto a diamond substrate, followed by a silicon monoxide dielectric layer and then a niobium stripline. This detector system can be fabricated with a variety of x-ray absorber materials.
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The thin film thermometer can be applied directly to a bulk absorber, or to a substrate with an absorber deposited on the opposite side.2 Possible x-ray absorbers include low band gap materials such as HgCdTe, HgTe, or superconductors such as Nb or Sn. We have chosen 30 pm of niobium for this example because it is easy to fabricate.
Its absorption efficiency at 10 keV is 84% and almost 100% at 6 keY. The dimensions (1 x wx d) of the 3 eV detector operating at 0.95 T , together with the maximum heat capacity contributions from each component are given in Table 1 below:   TABLE 1 Hypothetical 
AMPLIFIER CONFIGURATIONS
A variety of readout schemes are possible for the devices described above, each transforming the temperature changes to useful electronic signals. We discuss below a SQUID design that outputs a current signal, and two AC designs which read out a voltage signal and a frequency signal, respectively.
SQUID systems
We first consider a circuit using a DC SQUID as the amplifier. The configuration is shown in Figure 2 . The superconducting stripline, represented by Lk is connected in parallel with the SQUID pick up coil, Lsq . The current in this circuit divides such that 'k"sq Lsq/Lk When a photon is absorbed in the calorimeter, there is a change in Lk which is detected as a change in 'sq . The resulting current pulse, EsJsq S where Lk is the kinetic inductance at the base temperature, Tb, and 'b is the bias current. Lk (E) is the value of the kinetic inductance attained after the absorption of an x-ray of energy E. The base-line current, 'b' passing through the superconducting groundplane is chosen such that it will never exceed its critical value for any x-ray encountered.
For the devices considered here, the limiting current is 1 mA. Given the way the current divides according to Lk and Lsq , 'b 5 set slightly above 1 mA. Since the change in kinetic inductance is large, the gain of the transducing circuit is nonlinear, but can be calibrated. Note that this nonlinearity must be considered, as it is here, for any reasonable prediction of results.
Applying Equation 4 to the 3 eV detector, and given a SQUID pick up coil inductance of Lsq 2 tH, the largest signal obtainable at 10 keV is approximately 0.2 mA. This presents a problem for a commercial SQUID feedback system. The DC SQUID manufactured by Biomagnetic Technologies Incorporation (BTi), for example, has a maximum tracking speed of 100 mA/s. The current pulse from the x-ray calorimeter (with a rise time of approximately 1 s) has an initial rate of approximately 2 x i05 mAJs. Consequently, the SQUID will lose phase lock and produce significant measurement errors.
'sq E)j sq (4) Constant Figure 2 . Kinetic inductance calorimeter in a SQUID amplifier circuit A remedy to the loss of the phase lock problem is to slow down the signals with a thermal or electrical resistance. A weak thermal link between the absorber and the kinetic inductance thermometer could be constructed to slow down the temperature response of the thermometer. Alternatively, an electrical resistance in parallel with Lk and Lsq will also slow the rate of current change in the thermometer. The value of the resistor is chosen such that the steepest slope of the the filtered signal (the initial rise) corresponds to the maximum slew of the SQUID (see Figure 3 ). A resistance on the order of 1O is sufficient to slow down the pulses and avoid loss of phase lock in the SQUID system. In this case, the thermometer continues to heat up at the original rate, but the SQUID only reads a fraction of the full amplitude of the thermal pulse profile. The signal to phonon noise is unaffected while the noise from the SQUID (6ESQUJD = 0.062 eV) is still less than the phonon noise contribution = 3 eV). Here, we have assumed that the BTi DC SQUID has a flat noise spectrum of 1.5 pAt'[/i over a band width of 5000 Hz.
Time (ms)
To avoid the limitations of the commercial SQUID system, a customized SQUID system can be considered as a replacement. One possibility is to design a faster slew rate system where the tracking speed is fast enough to accommodate the fast x-ray pulses, and the signal does not have to be attenuated.1° In addition, the state of the art SQUIDs have significantly lower noise. It may also be possible to include the kinetically inductive stripline inside the SQUID loop, instead of coupling it to the loop as shown in Figure 2 . In this case, the signal will be indicated by a phase shift within the SQUID loop instead of a change in induced magnetic flux. By building the thermometer inside the amplifier, there would be no loss of signal due to the coupling to the SQUID. The design of such a detector, however, is outside of the scope of this study.
FET configuration
For this configuration we operate in a frequency range where the impedance of the stripline is large enough to generate a measurable voltage signal. The circuit is shown in Figure 4 . 
where C is the total electrical capacitance between the stripline and the groundplane. The values of ZL and V are chosen to optimize the signal while maintaining current through the stripline below the critical current. For simplicity, in this example, we choose to make ZL a resistor; capacitive or inductive loads could also be used. The Johnson noise generated by the resistor is smaller than the noise of the FET and therefore makes a negligible contribution to the total noise.
To optimize the signal to noise, the resonant nature of the stripline must be considered carefully. The inductance, L (T), in the equation above is the total inductance as described in Equation 3. The operating frequency, w, is chosen so that the maximum change in inductance L, will never cause the voltage signal to resonate. At the same time, the currents running through the stripline must not exceed the critical current of the superconducting material.
The optimal operating frequency for this detector is 4.2 MHz. Using a bandwidth of 5 kHz, and assuming that the dominant non-thermal noise source is derived from the FET amplifier, which has a flat noise spectrum of 2 nV/i/ , the electronic contribution to the energy resolution is always less than 28 meV.
Tunnel diode oscillator circuit
A tunnel diode oscillator circuit has been used to measure kinetic intan' For the oscillator circuit shown in Figure 5 , the resonance frequency is
When the photon is absorbed by the device, its temperature increases from Tbe to T(E), inducing a change in the kinetic inductance, thus altering the resonance frequency. The change in frequency can be detected using a phaselocked-loop detector. Given a high Q, and incorporating the temperature dependence of L into Equation 7, the following frequency signal is obtained:
A detailed discussion of the theory of the tunnel diodes and their basic operations can be found in the literature. 12 The main feature to note is that with careful biasing, the tunnel diode can operate as a low noise oscillator. The only sources of noise come from the residual resistance from the tank circuit (see Figure 5 ) and the voltage noise from the tunnel diode.'3 (8) Output R1 Lk Figure 5 . Tunnel diode oscillator circuit.
The tunnel diode noise is subdivided into Johnson and shot noise. Johnson noise originates from the series resistance, R3 , that varies according to the specific tunnel diode used. It has a typical value of a few ohms. Numerically, for a typical diode operating at 15 MHz, the shot and Johnson noise are 1.7 x iO V I IH and 5.0 x 1O_12 V i fii , respectively. Only the shot noise contributes.
To determine the electronic noise contribution for the tunnel diode oscillator circuit, we note that for any frequency (i), the frequency noise, &, is given by 8wko(T) = V/V. Here, V is the voltage noise in the device and V is the voltage amplitude of the oscillations. For a typical tunnel diode, V is approximately 300 mY and 6V is dominated by the shot noise. The equivalent ED1O for a 5 kHz bandwidth should be below 7 meV for a 3 eV detector. Here, we have assumed that the phase-locked-loop would not contribute to the total noise.
CONCLUSION
In this paper, we have analyzed the potential performance of an x-ray calorimeter using a kinetic inductance thermometer. The overall results are presented in Table 2 below, and in Figure 6 . In every case, the electronic noise is significantly below the 3 eV phonon noise. The tunnel diode oscillator circuit proved, in theory, to be the best candidate since it gives the highest signal to electronic noise results. Despite the nonlinearities inherent in the VET circuit near the resonant frequency, the FET circuit is still a valid alternative. Since the VET configuration is similar to that used in the resistive calorimetry systems, it can be easily implemented into existing resistive systems and tested once the device is fabricated. Although the commercial SQUIDs have an inthnsic slew rate limitation, their non-thermal noise contribution to the total is still negligible. Since the configurations with the lowest electronic noise are most likely to produce phonon noise limited results, all three designs considered here will have the possibility of out-performing the existing resistive calorimeters; therefore, all are likely candidates as thermometers in the actual fabrication of the device. In particular, the FET and tunnel diode methods offer simple and promising alternatives to SQUID systems for measuring kinetic inductance. 
